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Learning Outcomes

4 Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category

14 Derive the continuity, momentum and energy equations on differential form
36 Define and explain vorticity

let’s push the control volume approach to the limit ...



Roadmap - Differential Relations [ Rotation and vorticity ]

[ Differential relations ]—>+
[ Boundary conditions ]—>(% [ Stream function & ]

[ Conservation of energy ’

[ Angular momentum nm ]4—(%

[ Conservation of linear momentum ]

[ Conservation of mass ]

[ The substantial derivative ]—»J%—[ Integral relations ]




Differential Relations

seeking the point-by-point details of a flow pattern by analyzing an infinitesi-
mal region of the flow



Differential Relations

Apply the four basic conservation laws to an infinitesimal control volume

The differential relations are in general very difficult to solve

Analytical solutions exists for a few cases

The differential relations form the basis for CFD software



High-Speed Nozzle Flow
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The Acoustic Signature of a Supersonic Jet

Screeching rectangular supersonic jet




Lots of Equations Ahead
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Frame of Reference

Eulerian: observer fixed in space

Lagrangian: observer follows a fluid particle

recall the speedometer/traffic-camera analogy




Acceleration Field

In order to get to Newton’s second law, we need the acceleration vector

Velocity field:

V(r,t) = exu(x,y,z,t) + eyv(x,y,z,t) + e;W(X,y,2,t)

Acceleration field:

av _ v v aw
gt~ ¥ar "T¥ar "%



Acceleration Field

Each scalar component of the velocity vector (u, v, w) is a function of four variables
x,y,z,t) and thus

Au(xy,z,t) _0u  oudx  oudy oudz
dt Ot Oxdt  Odydt  ozdt

By definition dx/dt = u, dy/dt = v, and dz/dt =

au(x,y,z,t)  ou ou ou au

ou
o 8t+ af+v@+wg—§+(V-V)u



Acceleration Field
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The Substantial derivative

oV oV oV oV oV DV
V4 W— | = + (V- V)V =
T +<“a TV Y 6z> g TVVIV=5r
~~
local convective substantial derivative

local acceleration (0V/0t):
only non-zero in unsteady flows (always zero in steady-state flows)

convective acceleration ((V - V)V):
non-zero for fluid particles that moves through regions of spatially varying
velocity

the substantial derivative (DV/Dt):
operator that combines local and convective acceleration



The Substantial derivative

Dy
Dt

the sum of the local derivative and the convective derivative
follows a fluid particle but is expressed in an Eulerian frame of reference
an operator that can be applied to any variable ¢
example: the substantial deriviative applied to pressure
@ B 8£ op op op 0p

Pt = i +u87+V@+W§_E+<V'V)D
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Mass Conservation

oudyd.
Integral form: e

15)
/CV Pay + Z PiAV ) out — Z(p/AiV/)/n =0
i

i

Infinitesimal control volume:

/ 9 4y ~ —pdxo’ydz
CV

az

ay
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ox
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0 0 0
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Mass Conservation

The result is the continuity equation - conservation of mass for an infinitesimal
control volume

o 0 D O

or in more compact form using vector notation

Op
L. (pV) =
ot (P¥) =0

Incompressible flow (constant density)

ou v, ow
ox oy 0z
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Linear Momentum

—_—<

az

puvdydz ——— d —> (/7UV + %(puv)dx) dydz
Integral form:

A, dx

ZF » 81‘ (Vp)dV + Z (M V;)out — Z(mivi)/n

Infinitesimal control volume:

(Vp)dV ~ %(Vp)dxdydz

SN



Linear Momentum

— <

az

1%}
puvdydz ——a— — (pUV + —(puV)clx) dydz
dy ax

A, dx

Face Inlet momentum flux Outlet momentum flux

constant x  puVdydz puV + 0 (puV)dx} dydz

x

constanty  pvVdxdz pvV + gy(va)o’y} axdz

constantz ~ pwVdxdy pwV + aaz(pWV)dz] axdy




Linear Momentum

Integral form:
ZF . (91‘ Vp dV + Z m V Oul‘ — Z(m,-V,-),h
Infinitesimal control volume:

> F= Vp axdydz + { 0 (puV) +

I 0 —(pvV) + gz(pWV)] adxdydz

oy



Linear Momentum

d 0 0 0
V) + g (euV) afy(va) + gy V)
—— N—_——

dp_ OV ) v ) v
V@E+rSr Vo (ou)+puge Va%(pv)—i-pv% Vaz (pw)+ow 3

can be rewritten as

8 oV 8V 8V av

inui i av _DV
continuity equation W"‘(V'V)V—W

and thus

> F= p—dxdyo’z



Linear Momentum - Forces

The net force equals mass times acceleration where the acceleration is obtained
using the substantial derivative - the sum of local and convective acceleration

body forces: gravity and other field forces

> F:

surface forces: pressure and viscous stresses



Linear Momentum - Gravity Force

dFgravity = pgaxdydz

if gravity is aligned with the negative z-direction

dF gravity = —ezpgaxdyaz



Linear Momentum - Surface Forces

oy
—P + Txx Tyx Tzx
—» Oxx
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Linear Momentum - Surface Forces

dxd a
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Linear Momentum - Surface Forces

0 0 0
dFx surt = |:6X(O—XX) + @(ny) + &(sz)} dxdydz

Oxx = Txx — P, Oyx = Tyx, Ozx = Tzx

0 0 0
dFx surt = [,O + = (7x) + @

0

0z



Linear Momentum - Surface Forces

[ 9 0 1o} 0 1

dFx surt = __85 + ax( Tix) + = oy (Tyx) + &(sz)_ dxdydz
[ op 0 0 0 ]

afy sut = oy - 8)(( y) + 8y( ) + g(rzy)_ dxdydz

[ 0 0
dFzsurt = o + = (sz) + Oy( Tz) + 5(7'22) dxdydz



Linear Momentum - Surface Forces

dF = [-Vp + V - 7] dxdydz

where

Txx  Tyx Tzx
Ti =1 Txy Tyy Tzy

Txz Tyz Tzz

is the viscous stress tensor



Linear Momentum - Forces

Now, inserting the forces into the momentum equation gives

DV

Pg—V,O‘FV'T/j:PE




Linear Momentum

vector notation is powerful, tensor notation is even better ...

op  Omx | Omyx  Omax ou ou ou ou
P ox T ox Tay Tz T (81‘+ Yox Ty TV 62>

8p aTxy 8Tyy asz - 8\/ 3V 8\/ 8\/
M=oyt o Ty Tz T Plar TV Ty e

P  One O O (W ow  ow  ow
Pt o Yoy Tz T <8t+ ox VY TV az>

Note! the convective term (RHS) is nonlinear



Linear Momentum - Viscous Stresses in a Newtonian Fluid

Recall:

“For a Newtonian fluid, the viscous stresses are proportional to the element
Strain and the viscosity”

For incompressible flow:

ou ov ow
Txx = 2#&7 Tyy = 2#@7 Tzz = 2#5

ou  ov ou  ow
Txy = Tyx = M anyra y Txz = Tzx = M §+37X

ov  ow
Tyz = Tzy = Wb &‘f‘@



Linear Momentum - Shear Stress Components in a Couette Flow

Couette flow: u = u(y) )

u(y)

y=—h

fixed wall

L (v
Txx = /La7— Txy = Tyx = M dy Ox _M(?y
ov ou  ow
TWZZH@:O szZsz=M<0Z+aX>:U
ow ov  ow
2 = 2yt =0 ne=r =g+ gy ) =0



Linear Momentum

The incompressible Navier-Stokes equations

bu _ b, (Ou Ou du
Por — P T T o T T a2

v _ b, (O O O
Por = P9 ay Hl\oaxx T a2 T a2

Dw op <02W 0*w (92W>
+ 1

Por T M5 0x2+8y2+822



Linear Momentum

The incompressible Navier-Stokes equations

Non-linear equations

Three equations and four unknowns (p, u, v, w)

Combined with the continuity equations we have four equations and four
unknowns



I ABOUT  PROGRAMS  [MIENNIUMPROBIENS] FEOPLE  PUBLICATIONS  EVENTS  EUCLID

Millennium Problems

Yang-Mills and Mass Gap

2" mass gap" inthe solution to the quantum versions of the Yang: Mills equations. But
70 proof of this property is known.

Riemann Hypothesis
The prime number i listribution of the primes. Th tells us about e
average. Formulated in Riemann's 1859 paper, it asserts that all the 'non-obvious' zeros of the zeta function are complex numbers with real part 1/2.

P vs NP Problem

IFiti heck that o is correct, the problem? This s the essence of the Pvs NP question, Typical of

thatof the i 3 twice? If yougiveme a
solution, | thatit is correct. But | find asol

Navier-Stokes Equation
This s the e fuics sueh 2N air. However, there s 1o proof for the moss basic questions one can ask: o
solutions exst and are they unique? Wiy ask for  proot? Because proof gives not oy certtude, but lso understanding.

Hodge Conjecture
The answero ot of a system of agebraic equations canbe defined i terms of
further algebraic equations. tureisknowni pecialcases. e nset Jonessthan four.But in

iension four it s unknown.

Poincaré Conjecture

101904 the F ian Henri if i is characterized as the unique simply connected three

manifold. This question, the Poincaré conjecture, was a special case of Thurston's geometrization conjecture. Perelman's proof tellsus that every
threemanifold is built from 2 set of standard pieces, each with one of cight well-understood geometries.

Birch and Swinnerton-Dyer Conjecture
peri jdence,h e number ofpoints totherank ofthe group of
' v twovariabies, arise in many areas: Wies
proof ofthe Fermat Corjecture,factorizationof numbers into primes, and ryptography, to name three.

rational point:




Example - Couette Flow

y =—h
Assumptions: fixed wal

incompressible (p = const)

steady-state

lower plate fixed, upper plate moving with the velocity V
flow only in the x-directionv =w =0, u # 0

no pressure gradient



Example - Couette Flow

continuity:
6;(/+g\;+%\/zv20:>{v_ —0}:2:1
momentum equation (x-direction):
ou  0Ou _dp Pu %
P<U0X 8y> ~ox PO I <0X2+8y2> = {v=w=0,

0



Example - Couette Flow

0%u
87)/2:0:>U:ay+b
boundary conditions:
uh)y=Vv
u(=h)=0 }:>
V. = ah 4+ b vV = ah + b
+ 0 = —-ah + b 0 = —-ah + b
AR\ 2b V = 2ah
V v



Example - Couette Flow

y=-—h

fixed wall

=4



Example - Poiseuille Flow

fixed wall

y=-—h

fixed wall

Assumptions:

incompressible (p = const)

steady-state

lower and upper plate fixed

flow only in the x-directionv =w =0, u # 0
pressure gradient driven



Example - Poiseuille Flow

continuity:

ou ov ow ou
a4_074-5_0:»&— _O}:>0X 0

momentum equation (x-direction):

U@—FV@ = 8p+ + u 82u G ={v=w=0}=pu Pu u_op
P\%x "oy ] T " ox PIx T Bx2 0y2 S Hay2 =~ ox



Example - Poiseuille Flow

momentum equation (y-direction and z-direction):

op
gy ="

=P =p(x)
9p _

82_0



Example - Poiseuille Flow

d’u  dp
—_— = — = t
1 &2~ dx const < 0
Why constant?

RHS function of x only
LHS function of y only
RHS=LHS = must be a constant

Why < 07?
pressure must decrease in the flow direction



Example - Poiseuille Flow

d’u  dp
udT/? = =const <0
1d
py +ay +b

2/ ax



Example - Poiseuille Flow

boundary conditions:

uth)=0 -
u(=h)=0
1 dp, 1 adp,s
= ——"h h b -
0 21 + an + 0 2udxh ah
1 dp,, 1 dp
SR h b - = —=p -
+ 0 2udxh a + 0 QMO’Xh ah
REE D 42 + 2 0 = 2ah
wax
a=>0
b:Aid—th

2u dx



Example - Poiseuille Flow

fixed wall

y=h
YL
u(y)
y = —h
fixed wall
_hdo () (X)2
2p dx h
du dpy _adu|l B _ dph?
dy dxp  ady ij_OjumaX_u(O)_ ax 2

(remember: dp/dx < 0)
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